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This study complements our earlier qualitative study of the effect of viscosity and thermal con-
ductivity on the fundamental radial oscillation modes and relaxation of non-rotating neutron stars
(NSs) with quantitative results: the three lowest-frequency radial oscillation modes are accurately
computed for a set of seven realistic equation of state (EOS). Various types of cold nucleonic and
hyperonic matter model is used as the EOS in the inner core of NSs to determine the structure of
non-rotating stellar models in hydrostatic equilibrium. We also utilize some advanced theoretical
data on thermal conductivity of dense matter to reproduce the rate at which viscosity and ther-
mal conductivity drain energy deposited in oscillation modes is released through heat outflow via
neutrino emission, consistent with astrophysical observations.
PACS numbers: 04.40.Dg, 97.60.Jd, 26.60.Kp
I. INTRODUCTION
Neutron stars (NS) provide us with unique insights
into the physics of the extremely dense and cold nuclear
matter, which cannot be reached in terrestrial experi-
ments. The central density of a neutron star is expected
to reach up to several times of the nuclear saturation
density (n0 ' 0.16 fm−3). The constraints on the prop-
erties of matter at supernuclear densities (see, e.g. [1]
and references therein) and relatively low temperatures
(compared to particle collisions producing comparable
energy densities) rely heavily on observations of macro-
scopic equilibrium parameters of NSs. Such macroscopic
parameters as the total gravitational masses (M) and the
circumferential radii (R) of NSs in binary systems are de-
termined by high-precision timing observations of radio
and X-ray pulsars. [2–4] The recent discovery of NS with
mass as high as M ≈ 2.01M (e.g., PSR J1614-2230 has
M = 1.927 ± 0.017M [5] and PSR J0348+0432 with
mass M = 2.01± 0.04M [6] has ruled out several EOS
families (see 6a). Due to the tremendous advances in the
measurements, precise masses for ∼ 35 currently known
NSs range from 1.17 to 2.01 M. Also more than a dozen
radii are known in the range of 9.9 to 11.2 kms, but cur-
rent estimates for radii are still dominated by system-
atic errors [7]. More strict constraints on the plausible
family of EOS models will imposed by yielding masses
and radii of a few stars to ∼ 5% precision from the re-
cently lunched NICER mission [8] and from the upcoming
LOFT mission [9]. Constraints on the EOS, inferred from
GW events GW170817 [10] and GW190425 [11] that are
associated with binary NS mergers, are important confir-
mations of the great potential that multi-messenger ob-
servations offer.
X-ray and γ-ray burst phenomena are clearly explosive
events that perturb their sources [12] and have been gen-
erally associated with neutron stars (see, e.g. [13] and
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references therein). In a manner analogous to terrestrial
seismology, observational methods and techniques in as-
teroseismology are using the frequency of seismic waves
rippling throughout stars with the aim of probing their
internal structure and thermodynamic properties. [14]
The frequencies appearing in the spectrum of NS oscilla-
tions, which sensitively rely on accurate stellar models,
are matched to the observed frequencies. The period
of stellar oscillations for non-relativistic stars are in the
range of minutes, whilst for neutron stars the periods
are much shorter; typically range from 0.2 to about 0.9
milliseconds, cf. eq. (B12). [15] These oscillations oc-
cur when a star is perturbed away from its dynamical
equilibrium and a restoring force tries to return it back
to that equilibrium state. Among the various types of
oscillation modes, we focus on the fundamental radial
modes (f-modes) of non-rotating NSs where the pressure
provides the dominant restoring force that produces os-
cillations. Pulsation in f-modes are the simplest and gen-
erally the largest amplitude stellar pulsations, where the
displacement is purely radial and spherically symmetry
is preserved. Provided that there is no stationary surface
between the center and the surface of the star, an oscil-
lation can be called the fundamental radial mode. [16,
p. 55]
As the radial modes are the simplest oscillation modes
of NSs, they have been comprehensively investigated over
the past half-century. In his pioneering papers [17],
Chandrasekhar introduced a variational method to im-
pose a sufficient criterion for the dynamical stability of
radial and non-radial stellar oscillations. The identifi-
cation of stable modes has been in the focus of interest
ever since and methods for obtaining spectra of oscilla-
tion modes have been thoroughly investigated by vari-
ous authors (e.g [18–22] and references therein) mostly
for zero-temperature EOS stellar models. Nevertheless,
proto-NS with finite-temperature EOS [23] and strange
stars [22, 24] were also studied. The first exhaustive
compilation of radial modes for various zero-temperature
EOS was presented by Glass & Lindblom in [21]. Al-
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2though their equations were correct, the numerical re-
sults for the oscillation frequencies were flawed as it was
later pointed out by Va¨th & Chanmugam in [22]. Va¨th
& Chanmugam computed the frequencies of radial oscil-
lation for six EOS and verified their own results invok-
ing the argument [18] that a correct numerical algorithm
must yield a zero-frequency mode at that specific central
density that corresponds to the maximal-mass configura-
tion for the particular EOS. Stars on the high-density side
of this maximal-mass instability point are unstable and
eventually collapse. Kokkotas & Ruoff emphasized in [25]
that the above mentioned test is only applicable when a
constant local adiabatic index is used both in the equi-
librium stellar model and its perturbation equations. In
general, a variable adiabatic index can be employed that
depends on the dynamical regime regulated by a more
complicated EOS. Kokkotas & Ruoff re-examined earlier
studies of radial oscillation modes for the most common
types of EOS and corrected the values of eigenfrequencies
found by Glass & Lindblom in [21]. Moreover, their sur-
vey included six additional EOS that were more recent
at the time (see, e.g. [25] and references therein).
The conversion of kinetic energy into heat and effects
of viscosity on stellar pulsations in general has been ad-
dressed first by [26–28]. Properties of transport coeffi-
cients (bulk viscosity, shear viscosity, thermal conduc-
tivity) in neutron stars have been studied more in de-
tail by a number of recent of works [29–32]. The den-
sity and temperature dependence of shear viscosity and
of bulk viscosity in the crust and in the core, respec-
tively, have been described for different EOS of neutron
stars by [29]. Thermal conductivity and shear viscosity of
nuclear matter arising from nucleon–nucleon interaction
in non-superfluid neutron-star cores were considered by
[30], whereas those arising do from the collisions among
phonons in superfluid neutron stars were considered by
[32]. An extension of [30] for different nucleon–nucleon
potentials and different three-body forces in [31] found
that the nucleon contribution dominates the thermal con-
ductivity, but the shear viscosity is dominated by leptons.
The most up-to-date review of the transport properties
and the underlying reaction rates of dense hadronic and
quark matter in the crust and the core of neutron stars
is found in [33].
A. Objectives and content
The rapidly growing list of observational data com-
bined with advances in EOS modelling have motivated
us to investigate the radial oscillations of neutron stars
in a wide range of total gravitational mass and for vari-
ous types of representative EOS models, listed in Table
I, based on nucleonic and hybrid nucleon–hyperon–quark
matter models which have been investigated by [2] in
their extensive survey of the equilibrium parameters of
neutron stars. The present paper, together with its ac-
companying paper [34], is devoted to particulatly study
oscillations of NS models at the neutrino cooling stage.
In our earlier work [34], we proved that the pulsa-
tion equation expressed by a set of effective variables
which involve dissipative terms, can be recast in a self-
adjoint form. In contrast to the common non-dissipative
case, the associated Sturm–Liouville eigenvalue prob-
lem (SL-EVP) is generalized for a discrete set of eigen-
functions with complex eigenvalues which correspond to
the squared frequencies of the oscillation modes and the
imaginary part corresponds to the damped solution. The
imaginary part directly determines the minimum period
of observable pulsars, hence it is imperative to make an
accurate estimation on the relative time-scale of thermal
conductivity. In addition to providing a formulation of
the dynamical equations that governs the radial oscil-
lations of neutron stars through a perturbation scheme,
an order-of-magnitude estimation was given for the time-
scale of energy dissipation, rather than a precise one, by
an analytical approximation method without relying on
explicit numerical computations.
In the present work, the SL-EVP for radial-oscillation
modes is converted to a system of finite difference equa-
tions where we implement a second-order accurate differ-
encing scheme so the resulting system of finite-difference
equations emerges as a tridiagonal matrix eigenvalue
problem. In a manner similar to the approach of Kokko-
tas & Ruoff [25], we compute the four lowest-frequency
radial-oscillation modes of neutron stars constructed
from various types of representative EOS models con-
sidered by O¨zel & Freire [2]. The algorithm yields zero-
frequency modes at the maxima and minima of the mass
curves, as emphasized by [22, 25], while the adiabatic in-
dex of the equilibrium state characterizes the stiffness of
the EOS at a given density. Finally, we evaluate the rate
at which viscosity and thermal conductivity drain energy
from the radial oscillation mode.
II. REALISTIC EQUATION OF STATE AND
THERMODYNAMIC MATTER MODELS
Internal structure and macroscopic properties of NSs
are strongly correlated with the EOS of dense matter,
even though the exact EOS remains exceedingly uncer-
tain especially at high densities. Although, the latest
discovery of high-mass NSs PSR J1614-2230 [5] and PSR
J0348+0432 [6] has ruled out several families of EOS,
suggesting that the maximal mass for NSs has to be larger
than M ∼ 2M for a given EOS, but the number of can-
didate models with maximal mass below this limit is still
considerably large.
In NS cores, the temperature of matter is far below the
Fermi energy of its constituent particles and its particular
thermodynamic state at T ' 0 is accurately described by
the isentropic one-parameter equation of state
p = p(ρ),  = (ρ), (1)
relating the pressure p and energy density  to the rest-
3mass density ρ which exceeds nuclear density [35]
ρnuc ' 2.3× 1014 g/cm3. (2)
In fact, densities in the cores are expected to be as large
as ρ ∼ 5 − 10ρ0 where the nuclear matter at saturation
(i.e. at the minimum of the energy per nucleon) has the
density ρ0 ' 2.8 × 1014 g/cm3 or n0 ' 0.16 fm−3 where
the baryon-number density is related to the baryon-mass
density as nB = ρB/mu and mu = 931.494 MeV is the
atomic mass unit. Given that neutrons geometrically
overlap at ρ ∼ 4ρ0 and with increasing overlap between
nucleons, transitions to non-nucleonic states of matter
are expected. [2] It is possible for ultra-dense matter to
contain hyperon, pion or kaon condensates. [36] Some
of the possibilities considered to date also include free
quarks or color superconducting phases. [37]
A. Tabulated nuclear-theory-based EOS models
With the intention of covering a wide range of poten-
tial types of representative EOS models and generation
methods, here we consider four EOS of cold nucleonic
matter (pure npeµ matter, i.e. the hypothetical com-
ponents composed of neutrons, protons, electrons, and
muons) and we follow the widespread naming convention
of Refs. [2–4]:
• APR4 was derived by a variational method with
modern nuclear potentials [38];
• MPA1 was derived by a relativistic Brueckner–
Hartree–Fock theory [39];
• MS1 was derived by a relativistic mean-field theory
[40];
• SLy was derived by a potential method [41].
and we also include three EOS of non-nucleonic state
(i.e. the hypothetical components composed of hybrid
nucleon–hyperon–quark matter):
• H4 was derived by a relativistic mean-field theory
including effects of hyperons [36];
• ALF1 is a hybrid EOS which describes a APR4
nuclear matter for a low density and a colour–
flavor-locked quark matter for a high density with
the transition density is 3ρ0 where ρ0 ' 2.8 ×
1014 g/cm
3
. [37];
• SQM1 is a hybrid EOS which describes relativis-
tic non-interacting gas mixed with strange quark
matter [42].
Provided that we describe the EOS families by piecewise-
polytropes with n = 3 pieces as in Sec II B, the fol-
lowing densities are determined at the boundary of two
neighboring pieces: ρ1 ' 1014 g/cm3, ρ2 ' 5.012 ×
Name Constituents Mmax/M R/km rs/R Ref.
APR4 Nucleons 2.22 9.94 0.66 [39]
MPA1 Nucleons 2.47 11.25 0.65 [39]
MS1 Nucleons 2.78 13.27 0.62 [40]
SLy Nucleons 2.06 9.9 0.61 [41]
H4 Nuc., Σ, Λ 2.04 11.81 0.51 [36]
ALF1 u, d, s quarks 1.50 9.02 0.49 [37]
SQM1 Nuc., s quarks 1.56 8.54 0.54 [42]
TABLE I. Nucleonic and hybrid nucleon–hyperon–quark mat-
ter models of NS cores. The upper four models correspond
to nucleonic, the lower three models involves non-nucleonic
states of matter, such as kaon condensates or hyperons. We
presents some characteristic parameters of the maximum-
mass configuration for each EOS (marked in Fig. 6a by the
symbols ): Mmax is the maximal mass in units of M, R is
the circumferential radius in units of km, rs/R is the com-
pactness, respectively.
1014 g/cm
3
, ρ3 ' 1015 g/cm3. ALF1 has the lowest pres-
sure among the above considered types of EOS and thus,
making it the softest one. APR4, MPA1 and Sly have
also relatively small pressure as in the case of ALF1 for
a low-density region ρ1 ≤ ρ ≤ ρ3, but for ρ2 . ρ ≤ ρ3,
the pressure is higher than that for ALF1. Thus, for
ρ < ρ3, which NSs of canonical mass 1.3 – 1.4M have,
these EOS are soft as far as the canonical neutron stars
are concerned. It is worthy of note that for a relatively
small value of p2, the adiabatic index, as illustrated in
Fig. 2, is as large as Γ2 ∼ 3, owing to that the maximal
mass of NS has to be Mmax . 2M for a given EOS.
Thus, an EOS that is soft at ρ = ρ2 has to be in general
stiff for ρ & ρ3. Although MPA1 has pressure that even
exceeds that of H4 for a high-density region ρ & ρ3. By
contrast, H4 and MS1 have pressure higher than the rest
for ρ . ρ3, although the EOS becomes softer for a high-
density region ρ & ρ3. In particular, MS1 has extremely
high pressure among many other types of EOS for ρ . ρ3,
and on that account, it is the stiffest EOS. All the dis-
tinguishing feature mentioned above are reflected in Fig.
1 which display the pressure in NS as a function of the
baryon-number density or of rest-mass density. Table I
lists the constituent particles, the maximal mass and cir-
cumferential radius of neutron stars of total mass 1.4M,
associated with the representative EOS, respectively.
B. One-piece and piecewise-polytropic EOS
Although the tabulated families of EOS listed in Ta-
ble (I) are more realistic, they are too complicated to
illustrate some fundamental features. A very common
closed-form EOS is the polytropic one,
p = KρΓ, (3)
which describes a non-interacting, degenerate matter. In
general, the ‘polytropic constant’ K = K(s) depends on
the entropy, however, the degenerated matter dynamics
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FIG. 1. Pressure as a function of baryon-number density in
the crust for some nucleonic and hybrid nucleon–hyperon–
quark matter models based on different microphysics. The
nuclear saturation density n0 ' 0.16 fm−3 is denote by a
shaded gray line. The range of pressures at n0 is approx-
imately a factor of 1 to 3 MeV fm−3. The pressures and
number density series were reproduced from Ref. [2].
in zero-temperature approximation can be modelled as
an adiabatic flow with a constant K. The internal energy
is given by the first law of thermodinamics for adiabatic
process (δQ = 0), which can be integrated to obtain
 = ρ+
1
Γ− 1Kρ
Γ = ρ+
1
Γ− 1p (4)
where we have imposed that lim
ρ→0
/ρ = 1. [43] With the
adiabatic assumption, eqs. (3–4) represent a barotropic
fluid where the pressure is just a function of ρ. The
adiabatic index Γ1, defined by
Γ1 =
d log p
d log ρ
=
+ p
p
dp
d
, (5)
is an important dimensionless parameter characterizing
the stiffness of the EOS (3) at a given density. [44, p. 190]
For instance, a non-relativistic degenerate Fermi gas is
reasonably well described by a polytropic EOS that scales
as p ∝ ρ5/3, and for highly relativistic degenerate Fermi
gases, p ∝ ρ4/3. Generally, Γ1 and the speed of sound
cs depend on the dynamical regime determined by ρ (or
) as shown in Fig. 2 for the EOS listed in Table I.
The non-monotonic variation of Γ1 with baryon-number
density (or rest-mass density) is revealed by Figs. 2 and
7, respectively. as a sudden increase of Γ1 comes about
at ρ ' 1.3 × 1013 g/cm3 for the stiffer MPA1 and MS1,
but for most EOS, it only occures at ρ ' 1014 g/cm3.
The decay rate of the adiabatic index after its maximum
also varies from one EOS to another, cf. Ref. [45]. The
following two conditions must be satisfied by these EOS:
1. The thermodynamic stability requires the EOS be
monotonic (dp/dρ ≥ 0 and dp/d ≥ 0), and there-
fore Γ1 must be positive.
2. The causality requires the speed of sound cs be less
than the speed of light which is expressed by
c2s =
dp
d
∣∣∣∣
s
≤ 1. (6)
The constraint of eqs. (5–6) on the pressure-averaged
adiabatic index, defined by
Γ¯1 =
∫ R
0
Γ1p(4pir
2)dr∫ R
0
p(4pir2)dr
, (7)
demands that
Γ¯1 =
+ p
p
c2s ≥
4
3
(8)
within a dynamically stable star of radius R. [46] For
spherical stars in Newtonian gravity, Γ1 < 4/3 is a
sufficient condition for dynamical stability, however, in
the stronger gravity of general relativity, even models
with the stiffest EOS become unstable for some value
R/M > 9/8. The more rigorous constrain on Γ1 for a
star to be stable against radial perturbation
Γ1 <
4
3
+K
4M
R
, (9)
where K is positive and of order of unity. For dynamical
oscillations of neutron stars, the adiabatic index Γ1 does
not coincide with the polytropic one Γ, and the critical
point (see Sec. VI A) implies a secular instability whose
growth time is long compared to the dynamical time scale
of stellar oscillations (B12). [46]
It has been demonstrated by [4] that a piecewise-
polytropic EOS with three pieces (n = 3) above the
nuclear density approximately reproduces most proper-
ties of the representative EOS listed in Table I. These
nuclear-theory-based families of EOS at high density are
modelled with a small number of parameters and the ex-
pression for pressure (3) is written in a parameterized
form as
p(ρ) = Kiρ
Γi for ρi ≤ ρ < ρi+1 (0 ≤ i ≤ n) (10)
where n is the number of the pieces used to parameter-
ize a EOS at high-density, ρi is the rest-mass density
at the boundary of two neighboring (i − 1)-th and i-th
pieces, Ki is the polytropic constant for the i-th piece,
and Γi is the adiabatic index for the i-th piece. Here,
ρ0 = 0, ρ1 denotes a nuclear density evaluated in eq.
(2), and ρn+1 → ∞. Other parameters (ρi; Ki; Γi) are
determined by fitting with a nuclear-theory-based EOS.
Requiring the continuity of the pressure at each ρi, 2n
free parameters, say (Ki; Γi), determine the EOS com-
pletely. [47]
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FIG. 2. The effective adiabatic index Γ1 as a function of
baryon-number density (or rest-mass density) for the set of
candidate EOS models considered in Table I. Dotted hori-
zontal line correspond to Γ1 = 4/3. The average value of
the exponent Γ1 = d log p/d lognB ' 2 holds for nucleonic
families of EOS in the vicinity of nuclear saturation density
n0 ' 0.16 fm−3, denote by a shaded gray line. Dashed vertical
lines correspond to the neutron drip and crust-core interface
points, ρND ' 4× 1011 g/cm3, ρCC ' 1.75× 1013 g/cm3, re-
spectively. (Note that the neutron drip point depends slightly
on the EoS model used.)
C. Hybrid EOS for heating and cooling processes
One of the most serious drawbacks of the polytropic
EOS is that, although (3) is a good approximation for a
‘cold’ star, there are extremely energetic processes, like
the merger of stars or accretion from a disk, which can
increase enormously the temperature and a simple poly-
trope will not provide a physical description. A more
realistic EOS in closed form can be obtained by a com-
bination of the polytripic EOS to describe the cold part
and an ideal EOS for the thermal one, allowing for fluid
heating due to shocks. The hybrid EOS is given by
p = KρΓ + (Γth − 1)ρth (11)
with an adiabatic thermal index Γth that can be different
from the adiabatic cold index Γ. The internal energy can
be split into a thermal and a cold part,
 = th + cold (12)
The total internal energy density  can be obtained from
the evolution of the conserved quantities, whilst the cold
part is described by (4), leading to the explicit expression
p = K
Γ− Γth
Γ− 1 ρ
Γ + (Γth − 1)ρth. (13)
It is possible to extend this approach by using a col-
lection of continous piecewise-polytropes (10) in hybrid
EOS models, which in turn allows an accurate match
with any type of tabulated nuclear-theory-based EOS at
high density.
III. EQUATIONS OF STELLAR THERMAL
EVOLUTION AND COOLING MECHANISM
A. Energy–momentum tensor for dissipative fluids
Neutrino emission processes are supposed to be the
main sources of energy loss in the stellar core in the later
stages of stellar evolution. For the reason, the equa-
tions of relativistic fluid dynamics to describe energy–
momentum conservation are written as
∂βT
αβ = −Qνuα, (14)
where Qν is the total neutrino emissivity of all processes
outlined in Table II, and the energy–momentum tensor
for dissipative fluids can be written as the sum of three
components
Tαβ = Tαβpf + T
αβ
visc + T
αβ
heat (15)
where
Tαβpf = (+ p)u
αuβ + phαβ ,
Tαβheat = Q
αuβ +Qβuα
Tαβvisc = −ζΘhαβ − 2ησαβ
(16)
are the perfect fluid, heat flux and viscosity energy–
momentum tensors, respectively. [49] Note that despite
its causality and stability problems [50], the above de-
scription of energy–momentum tensor has been widely
used in Eckart’s theory of relativistic irreversible ther-
modynamics [51]. The p and  are the isotropic pressure
and energy density, appearing in eq. (1), as measured
by a comoving observer with velocity uα which satisfies
uαuα = 1 with u
0 > 0, and
hαβ = gαβ + uαuβ (17)
is the standard projection tensor onto 3-space normal to
flow. The symmetric trace-free spatial shear tensor is
defined as
σαβ =
1
2
(
uα;µh
µβ + uβ;µh
µα
)− 1
3
Θhαβ (18)
and expansion scalar (or dilatation rate)
Θ = uα;α (19)
is associated with the convergence (or divergence) of the
fluid world lines. The heat flux density in eqs. (14–16)
written as
Qα = −κhαβ (T,β − Taβ) (20)
6Process Reaction
Heat flux
[erg cm−3s−1]
Local luminosity
[erg s−1]
Direct Urca
n→ p+ e+ ν¯e
p+ e→ n+ νe Q ∼ 3× 10
27T 89 Lν ∼ 1046T 89
Modified Urca
n+N → p+ e+N + ν¯e
p+ e+N → n+ e+N + νe Q ∼ 10
20−22T 89 Lν ∼ 1038−40T 89
Bresmmstrahlung N +N → N +N + ν + ν¯ Q ∼ 1018−20T 89 Lν ∼ 1036−38T 89
TABLE II. Possible mechanisms of neutron star cooling by various neutrino-emission processes due to nucleon–nucleon collisions
assumed to take part in the core. The modified Urca process has the neutron and the proton branch, each including a direct
and an inverse where N = n or p, respectively. [48]
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FIG. 3. The internal structure of the crust in a neutron star
of total mass M = 1.4M with SLy EOS in their cores is
characterized by the proper depth z below the surface as a
function of mass density ρ. A point of inflection in z marks
the border of the outer and inner crust which is indicated by
a dashed line.
is a spacelike vector, Qαuα = 0, that describes the flow
of thermal energy per unit of area along spatial cordinate
axis xα per unit of time. The first the term in eq. (20)
corresponds to the non-relativistic Fourier’s law of heat
conduction, the second term takes into account the rela-
tivistic effect of isothermal heat flux due to the inertia of
energy with aβ = u
γuβ;γ being the acceleration of fluid.
The negative sign indicates that heat flows from higher
to lower temperature regions.
In eqs. (16) and (20), η, ζ, and κ are collectively called
transport coefficients (or dissipation coefficients). is The
bulk viscosity coefficient ζ defines the resistance of the
medium to gradual uniform compression or expansion;
and κ is non-negative and accounts for the thermal con-
ductivity, respectively. [52] The shear (also called as
‘common’ or ‘dynamic’) viscosity coefficient η describes
the fluid’s resistance to gradual shear deformation is as-
sumed to be equal to the electron shear viscosity ηe in
the stellar core, and we take it from [49] in this paper.
Shternin and Yakovlev (2008) [29] concluded that the
shear viscosity of neutrons and of protons (which is even
smaller, see, e.g. [53]) can be neglected for the reason
that it depends strongly on the nuclear interaction model
and the many-body theory.
IV. EQUILIBRIUM STELLAR MODEL
We consider a static spherically symmetric star, de-
scribed by the metric
ds2 = eνdt2 − eλdr2 − r2dΩ2, (21)
where t and r are the time and radial coordinates, dΩ is
a solid angle element in a spherical frame with the origin
at the stellar center and
ν = ν(t, r), λ = λ(t, r) (22)
are the metric functions. The later function is often re-
placed by the expression
eλ = (1− 2m/r)−1 (23)
where the gravitational mass contained within the radius
r is given as
m(r) = 4pi
∫ r
0
ρ(r′)r′2dr′. (24)
Outside the star the metric reduces to the Schwarzschild
form:
eλ = 1− rs/r, eλ = (1− rs/r)−1/2. (25)
The characteristic scale factor, defined by
rs = 2GM/c
2, (26)
is referred to as Schwarzschild radius or ‘gravitational
radius‘ and the total gravitational mass of the star, de-
fined by M = m(R), which acts as the source of the
gravitational field outside the star (r > R). The crust
corresponds to the layer rcc < r < R, where rcc deter-
mines the crust-core interface. The proper depth below
the stellar surface is defined by
z(r) =
∫ R
r
eλdr, (27)
as the proper radial distance between the stellar surface
R and a given layer of radius r. The proper depth and
the metric functions of neutron stars of total mass M =
1.4M with SLy EOS in their cores are shown in Figs.
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FIG. 4. The radial variation of metric functions of neutron
stars of total mass M = 1.4M with SLy EOS in their cores.
The metric function exp(ν) steadily increases from the center
towards the assimptotic region. exp(−λ) is flat near the center
and reaches a minimum near the surface, where it joins its
counterpart.
3–4 as function of radius in units of km. (Cf. Figure 37
in Ref. [54] and Figure 4.1. in Ref [55].)
As in Ref. [34], the physical variables for energy den-
sity  and for isotropic pressure p are replaced by the
corresponding effective variables
¯ = + (Tvisc + Theat)
0
0, p¯ = p− (Tvisc + Theat)11 (28)
that incorporate time-dependent dissipative contribu-
tions of the stress–energy tensor (16). Henceforth we
will only use these effective variables and for the sake
of simplicity, we shall not put any bar over them. The
structure of compact stars in hydrostatic equilibrium is
then constrained by the following set of equations:
dm
dr
= 4pir2 (29a)
dp
dr
= − (+ p)(m+ 4pir
3p)
r(r − 2m) +
2λ¨+ λ˙(λ˙− ν˙)
16pi
e−ν (29b)
dν
dr
= − 2
+ p
dp
dr
(29c)
where overdots denote partial differentiation with re-
spect to t. [22] The eqs. (29a) and (29b) determine
the stellar structure, whereas (29c) determine the met-
ric function ν(r) of a spherically symmetric neutron star
of isotropic material in static gravitational equilibrium.
Supplemented with a given EOS (1), the set of equa-
tions (29) can be integrated from the center of the star
with initial condition m(0) = 0 and an arbitrary value
for the central density ρc = ρ(0), until the pressure p(r)
will vanish at some radius R which corresponds to the
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FIG. 5. Radial variation of pressure in units of GeV fm−3
for different central densities in neutron stars with MS1 EOS
in their cores. The blue line represents the pressure for cen-
tral density ρc = 0.23 GeV fm
−3 associated with the min-
imum mass M = 1.17 M allowed for neutron stars. [56]
The purple line represents the pressure for central density
ρc = 0.86 GeV fm
−3 associated with the maximum mass
M = 2.78 M allowed for EOS MS1. The other three lines
represents the pressure for values of central density equidis-
tant from the aforementioned extremal central densities.
star’s surface.1 Considering that among the EOS fami-
lies examined in this paper, MS1 allows the largest max-
imal mass to pile up, Fig. 5 displays the radial profil of
isotropic pressure for different central densities of neu-
tron stars with MS1 in their core.
Consequently, there is a unique family of equilibrium
stellar configurations which is parameterized by ρc for
each EOS. Figs. 6a–6b show the corresponding mass–
radius and mass–central energy density relations, respec-
tively, which can be interpreted as sequences of stellar
models M = M(R) and M = M(ρc). M(R) curves
demonstrate that low-mass configurations, having low
central densities, mainly below ρ0, depend dominantly
on the low-density part of the EOS, whereas the max-
imal mass is hardly affected (see also [12]). On the
other hand the Harrison–Zel’dovich–Novikov criterion
[18, 19] for static stability of compact stars implies that
∂M(ρc)/∂ρc ≥ 0. As mass piles up with increasing ρc,
the M–R relation probes the higher density part of the
EOS, in the range ρ0 . ρc . 3ρ0. Lattimer and Prakash
[3] showed that across various families of EOS, the scaling
of radius is approximately R ∝ p1/4 at a central density
1 It is clear from the Tolman–Oppenheimer–Volkoff (TOV) equa-
tion (29b) that p(r) is strictly decreasing with increasing r. How-
ever, for some of the representative EOS, p may not drop to zero
by the time dp/dr does so. Therefore the numerical integration
has to be stopped when the decrease of dp/dr comes to a halt
and the value of p has fallen sufficiently low.
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(a) Total gravitational mass–stellar radius relations.
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(b) Total gravitational mass–central energy density relations.
FIG. 6. M(R) and M(c) curves for each nucleonic EOS (AP4, MPA1, MS1, SLy) are shown as light-coloured curves, blue
curves refer to self-bound quark stars (ALF1, SQM1), and the green line to a strange star model (H4), corresponding to the
families of EOS displayed on the p–n plane in Fig. 1. The symbols  mark the maximal-mass configurations. Most EOS
involving non-nucleonic matter, such as kaon condensates or hyperons, tend to predict an upper limit around 2.01M for the
maximal mass of neutron stars. The purple and the green bands indicate the rapidly rotating neutron stars in millisecond
pulsars, cataloged as PSR J1614-2230 [5] and J0348+0432 [6], with the highest-known mass of 1.97± 0.04 M and 2.01± 0.04
M, respectively. The light red band shows the interval of total binary NS masses inferred from gravitational-wave signal
GW170817. The dashed gray lines refer to stars whose central density ρc is double or triple that of nuclear saturation density
ρ0, respectively. The upper left areas of different shades of grayscale refer to regions of the M–R plane excluded by general
relativity (GR) constraint for R > 2GM/c2, by finite pressure for R > 2.25GM/c2, and by causality for R > 2.9GM/c2. The
lower shaded area indicates the region bounded by the realistic mass-shedding limit R/10 km < C2/3(M/M)1/3(fK/1 kHz)
for the highest-known Keplerian frequency, fK w 716 Hz, for the uniformly rotating neutron star PSR J1748-2446ad. The
deviation of C from its Newtonian value of 1.838 depends, in GR, (as computed by [57]) on the neutron star interior mass
distribution. For a hadronic EOS, C = 1.08, whilst for a strange star with a crust, C w 1.15.
ρc w 1.5ρ0, so that a radius measurement is probing the
EOS, just above nuclear density (2). The M(R) curves
that have attained sufficient mass exhibit vertical seg-
ments with radii varying from 10 to 16 km. The vertical
segments can be understood from the scaling of hadronic
EOS families which is typically close to p ∝ ρ2 for higher
densities (as demonstrated by Γ1 w 2 in Fig. 2). In this
case, the radius is nearly independent of mass. Those
families of hadronic EOS with extreme softening (due to
a kaon or pion condensate, high abundances of hyperons,
or a low-density quark-hadron phase transition) do not
have pronounced vertical segments. [58]
V. ADIABATIC RADIAL PERTURBATIONS
AND SPEED OF THEIR PROPAGATION
To move beyond the state of equilibrium, we now in-
troduce small, adiabatic perturbations of eqs. (29) in
such a way that does not violate the spherical symmetry
of the star.2 The metric functions from the line element
(21) can then be recast as
ν(r, t) = ν0(r)+δν(r, t); λ(r, t) = λ0(r)+δλ(r, t) (30)
where a small parameter δ  1 denotes the ratio between
the scale of variation of the metric functions (ν0, λ0) cor-
responding to the unperturbed equilibrium stellar model
and (δν, δλ) are metric perturbations due to the radial
pulsations. To obtain the equations that govern the ra-
dial pulsations, let us consider a fluid element displaced
radially outward from an initial position at r to r + δr.
The fluid element expands (or, if displaced inward, con-
tracts) with the radial velocity
δur =
∂
∂t
δr − (δTvisc)
1
0 + (δTheat)
1
0
p¯0 + ¯0
(31)
2 Note that the inclusion of transverse perturbations results in the
appearance of non-radial modes. Although non-radial oscilla-
tion modes of NSs (such as g-modes and r-modes, being in the
sensitivity bands of aLIGO and aVirgo detectors) are of great im-
portance for being accompanied by the emission of gravitational
waves, in order to make the problem more easily tractable, we
specialise to purely radial modes in this paper.
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FIG. 7. The local speed of sound relative to the speed of light
is displayed for realistic EOS models in the same range as in
Fig. 1. It depends on the dynamical regime determined by
the local energy density in compact stars.
as its pressure adjusting with the group velocity (49)
across the fluid to the external pressure, given by
δp =
dp
dr
δr. (32)
Note that the term involving δTvisc and δTheat represents
the radial component of linear momentum density and
is present only if viscosity or heat transfer occurs across
the fluid elements, cf. (A1). We assume that the motion
of the fluid element, moving with a four-velocity defined
by
uµ = (−eν0/2, eλ0−ν0/2δur, 0, 0), (33)
is faster than the time for heat to flow out of the fluid
element. The perturbation is thus adiabatic, and from
eqs. (5–6) the change in the energy density of the fluid
element due to the perturbation is
δ =
d
dp
∣∣∣∣
s
δp =
d
dp
∣∣∣∣
s
dp
dr
δr =
+ p
Γp
dp
dr
δr (34)
where the adiabatic index of the perturbation Γ is as-
sumed to be equal to the adiabatic index of the equilib-
rium configuration Γ1 in eq. (5).
Let us consider the radial displacement of the fluid
element δr which satisfies a linear wave equation being
expanded in an asymptotic series
δr = exp[iθ(r, t)]
∞∑
n=0
Xn(r, t) (35)
where the angular frequency and the wavenumber (or
spatial frequency), defined as
ω = −∂θ
∂t
and k =
∂θ
∂r
, (36)
are the coordinate components of the four-wavevector,
respectively. [59] The Lagrangian for the pulsation equa-
tion (51) is
L = eν0/2+3λ0/2
p+ 
r2
(
ω2(δr)2 − 8pieν0p(δr)2
+
eν0−λ0
p+ 
[(
dp
dr
)2
(δr)2
p+ 
− 4
r
(
dp
dr
)
(δr)2 − Γp
(
d
dr
δr
)2])
(37)
where one can take the first-order approximation of the
radial displacement (35):
δr ∼ X0 cos(kr − ωt) (38)
and regard the sin2 and cos2 terms as time averaged to
1/2. [59] As reported by [60, p. 392–399], the dispersion
relation can be identify from the Lagrangian as
G(ω, k) = eν0/2+3λ0/2
p+ 
r2
[
ω2 − c2sk2eν0−λ0 − 8pieν0p
+
eν0−λ0
(p+ )2
(
dp
dr
)2
− 4
r
eν0−λ0
p+ 
(
dp
dr
)]
= 0.
(39)
Now, let us assume, instead of (35) and (38), that
the radial displacement possess a simple harmonic time-
dependence of the form
δr(r, t) = X(r)eiωt (40)
where X(r) is the radially-dependent amplitude and ω is
a complex characteristic eigenfrequency which consists of
the so called ‘damped frequency’ and ‘relaxation time’,
ωd ≡ Re(ω) = ωn
√
1− ζ2d ,
1/τd ≡ Im(ω) = −ωnζd,
(41)
respectively. The aforementioned quantities are related
to the natural frequency ωn of the undamped system and
the damping ratio 0 ≤ ζd ≤ 1 which describes the rate at
which the normal modes decay and critically determines
the dynamical behaviour through the energy-dissipation
rate (43). [34] Being bilinear in the adiabatic perturba-
tions, the total-energy density  has a time dependence
exp[−2 Im(ω)t]. [61] Subsequently, the time derivative of
the total-energy density implies that
d
dt
= −2 Im(ω) (42)
which together with the energy-dissipation rate
− d
dt
= 2ηδσµνδσ∗µν + ζ(δΘ)
2 +
κ
T
∇µδT∇µδT ∗, (43)
directly determines the characteristic damping time of
perturbations as
τd = −1/ωnζd = −2/˙. (44)
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A. Group velocity and Jeans’s criterion
In order to discuss causality, eqs. (36) must be
transformed to a local Lorentz frame. With respect to
(e−ν0/2∂t, e−λ0/2∂r) the transformed quantities are
ω˜ = e−ν0/2ω, k˜ = e−λ0/2k. (45)
The transformed dispersion relation is
ω˜2 = c2sk˜
2 − µ2 (46)
where
µ2(r) = −8pip+ 4ω˜21 + r2ω˜41 (47)
and
ω˜21 =
(
m
r3
+
4pi
p
)(
1− 2m
r
)−1
. (48)
The group velocity with respect to local light cones is
cg =
dω˜
dk˜
= cs
(
1− µ
2
c2sk˜
2
)−1/2
. (49)
which is always greater than local speed of sound and
therefore cs < 1 is merely a weak condition (the very least
required by causal wave propagation). [21] Dynamical
instability sets in for all sufficiently long wavelengths such
that
k˜ < µ/cs (50)
is Jeans’ criterion for spherical stars in General Relativ-
ity. In the Newtonian limit, µ = 2(Gm/r3)1/2 gives the
spherical version of Jeans’ classic result for an infinite
homogenous medium [62]. Note that there is a local,
purely general relativistic instability at any point in the
sphere where 2m(r) approaches r. This supports the
well-known result that equilibrium configurations must
have 2m < r at all interior points.
VI. LINEAR PULSATION EQUATION AND
ASSOCIATED EIGENVALUE PROBLEM
Chandrasekhar [17, eq. (61)] showed that, with the
assumption of harmonic time-dependence (40), the fun-
damental equation for radial pulsation can be cast in the
form
c2sX
′′ +
[
(c2s)
′ − Z + 4pirΓpeλ − ν′/2]X ′
+
[
(ν2)′/2− 2r−3meλ − Z ′ − 4pi(ρ+ p)Zreλ
+ω2eλ−ν
]
X = i(p+ )−1(ωS1 − ω−1S2)
(51)
where the functions of equilibrium stellar configuration
{p(r), ρ(r), m(r), ν, λ(r)} in eq. (29), the effective adi-
abatic index Γ(r) and sound speed cs in eqs. (5–6) and
Z(r) = c2s
(
ν′
2
− 2
r
)
. (52)
are computed for specific stellar models. [25]
The fundamental equation for radial pulsation (51)
together with its boundary conditions (55–56) consti-
tutes a Sturm–Liouville eigenvalue problem (SL-EVP)
for a discrete set of scalar-valued radial eigenfunc-
tions {X0(r), X1(r), . . . , Xj(r), . . .} with corresponding
eigenvalues {ω20 , ω21 , . . . , ω2j , . . .}, which, in turn, are
squared complex-valued frequencies of the oscillation
modes, labeled by the index j = 0, 1, . . .. The small-
est eigenvalue ω20 belongs to the fundamental frequency
of radial oscillations which is usually abbreviated as ω0,
indicating the lowest frequency counting from zero (see
dynamical stability in Sec. VI A). Larger eigenvalues cor-
respond to higher modes. In terms of a superposition of
sinusoids, the ω0 is the lowest frequency sinusoidal in
the sum. Owing to the fact that the general solution to
eq. (51) is always a superposition of both growing and
damped modes, the definitions (41) provide the means
to separate the real and imaginary parts of the complex
frequency:
ω2 = ω2n(1− 2ζ2) + 2iω2nζ
√
1− ζ2, (53)
thus the imaginary part of inhomogenity of the eigenvalue
problem appearing on the right-hand side of eq. (51)
reduces to
i(ωS1 − ω−1S2) = i
√
1− ζ2ωnS1 − ω
−1
n S2
p+ 
(54)
where the functions S1 and S2 are expressed in terms of
transport coefficients in the Appendix, in eq. (A2). The
details of extending eq. (51) for thermal and transport
phenomena in neutron-star matter, which involve S1 and
S2, was outlined in our preceding paper [34] and will not
be repeated here.
The homogeneous SL-EVP (51) is associated with har-
monic oscillations and can be converted to self-adjoint
form which pose a boundary-value problem. [34] The
eigenvalues and corresponding eigenfunctions of this
boundary-value problem are then uniquely determined
in Sec. VII by the finiteness of X(r) and dX(r)/dr ev-
erywhere and by satisfying the following pair of boundary
conditions of the third type3: [21]
1. The fluid at the center of the star is assumed to
remain at rest; thus,
X = 0 at r = 0. (55)
2. The perturbed pressure is required to vanish
on the perturbed boundary of the star; thus
the Lagrangian change in the pressure δp =
3 The Robin boundary condition or third-type boundary condition
is a specification of a linear combination of the values of a func-
tion and its derivative on the boundary. It is commonly used in
solving SL-EVPs.
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eν0/2r−2Γp0 ddr
(
e−ν0/2r2X
)
has to vanish at the
surface; thus,
δp = 0 at r = R. (56)
Let us keep in mind that even the homogeneous SL-EVP
cannot be solved analytically in general. However, a
rough order-of-magnitude estimate can be made. Pro-
vided that X0(r) is nearly linear in r, irrespective of
the stellar model, a universal estimate for the f-mode
is ω0 ∝ 1/
√
Gρˆ where ρˆ is the mean density of a star un-
dergoing homologous contraction (see eq. (B12) in Ap-
pendix B). Detweiler & Lindblom [15] has found that for
most stellar models, the pulsation periods of the funda-
mental mode Td = 2pi/ωd typically range from 0.2 to
about 0.9 milliseconds (and ω0 ∼ 104 s−1 for neutron
stars), depending on the particular EOS and the central
density. Accordingly, τd, which is in the range of 0.1 –
0.3 seconds, can also serve as an estimate of a hydrody-
namical time-scale for a given star. [63, p. 291]
In order to compute the three lowest-frequency funda-
mental mode of neutron-star oscillations with high accu-
racy for each specific EOS in Table I, a finite-difference
method will be used in the subsequent Sec. VII.
A. Dynamical stability criteria based on the
fundamental mode
In Sec. IV the hydrostatic stability of equilibrium stel-
lar configurations was shown to be firmly ensured by the
TOV equation (29b). On the other hand, the dynami-
cal stability of stellar configurations with respect to small
radial perturbations is determined by fundamental vibra-
tion mode:
1. If ω20 > 0 then all the higher eigenfrequencies of the
spectrum are real, which indicates that the equi-
librium stellar model is dynamically stable with
respect to small perturbations, and they form a
lower-bounded infinite sequence ω1 ≤ ω2 ≤ ω3 . . ..
In this case the small radial displacements (35) ex-
hibit purely harmonic oscillations in the f-mode.
[18]
2. If ω20 < 0 then ω0 becomes purely imaginary, which
indicates that the equilibrium stellar model come to
be dynamically unstable (at least in the fundamen-
tal mode). In this case the small radial displace-
ments (35) exponentially grow or damp with time
(depending on the value of the damping ratio ζd).
As discussed in detail by our preceding study [34],
the highest instability increment, associated with
the most rapid exponential growth or dampening,
is provided by the fundamental mode. Instability
will indeed occur in the crust of neutron stars once
its total mass M reach its maximum Mmax at a cer-
tain central energy density 0 > crit and the star
will ultimately collapse to a black hole. [19]
3. Finally, at ω0 = 0 the equilibrium stellar model is
at neutral stability; neither stable nor unstable. In
this case 0 = crit as marked in Fig. 6b by the
symbols  for configurations at neutral stability.
The dynamical stability is also inherently related to the
shape of the M(R) curve. [63, p. 293] As we already
stressed in Sec. IV, dM/dc > 0 is necessary but not
sufficient condition for dynamical stability. At each crit-
ical point where dR/dc < 0 holds an even number n of
radial mode changes its stability while for dR/dc > 0 an
odd-numbered mode changes its stability. [18]
The dynamically stable and unstable branches of
M(R) curves are shown in Fig.8 by solid lines and dashed
lines, respectively. The left panel schematically illus-
trates the spiral structure of a general M(R) curve for dy-
namically unstable configurations whereas the right panel
depicts the unstable branches for three selected EOS
(APR4, H4, SLy) with particularly small radii (R ' 8−9
km) at their respective final critical points. The letters
C1, C2, C3 refer to critical points (turning points) which
divide the M(R) curve into four segments, with an in-
creasing number of unstable modes. As we have seen on
Fig. 6a, the central energy density c is increasing from
large radii and small masses until a certain critical cen-
tral energy density critc is reached at the maximum mass
and the minimal radius. All radial modes are stable in
the c < 
crit
c regime, but once the central energy den-
sity is increased beyond the critical point C1, it does not
restore the stability. [64] At C1 the fundamental mode
becomes unstable. At C2, on account of (dR/dc)C2 > 0
the fundamental mode remains unstable and an addi-
tional n = 1 mode becomes unstable. At C3, all three
lowest radial modes become unstable.
VII. FINITE-DIFFERENCE METHOD FOR
COMPUTING EIGENFREQUENCIES
Various numerical methods have been investigated to
accurately compute the eigenfrequencies of radial pulsa-
tion for specific families of EOS. The scholarly litera-
ture [21, 22, 25, 59] refers to two most widespread ap-
proach to solve the SL-EVP as shooting method and
finite-difference method, respectively. We shall adopt the
later method by converting the linear ODE (51) into a
system of algebraic equations by replacing the deriva-
tives with finite-difference approximations in the form of
a tridiagonal matrix that can be solved by matrix algebra
techniques, ideally suited to modern numerical analysis.
Let some grid functions {X0, X1, . . . , XN , XN+1} be
defined on a grid with uniformly-spaced points rj = j∆r
with a separation ∆r = R/(N+1) between adjacent grid
points. An illustration of thin spherical shells of matter
with thickness ∆r at successive grid points rj−1, rj , rj+1
is shown in Fig. 9. We consider the finite-difference ap-
proximation Xj of some eigenfunction X(rj) for any pos-
itive integer j = 0, . . . , N . The discretization and eval-
uation of eq. (51) on the jth shell is formally expressed
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(a) Schematic mass–radius relation illustrating the
spiral structure of the unstable branch.
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(b) Numerical mass–radius relation for three selected EOS extended
beyond the stable branch which was depicted in Fig. 6a.
FIG. 8. The left panel schematically illustrates whereas the right panel displays for three selected EOS (APR4, H4, SLy) the
structure of M(R) curves for dynamically stable (solid lines) and unstable configurations (dashed lines). Critical points are
denoted by C1, C2, C3. The three lowest radial modes on a given segment are represented by a column of numbers n = 0, 1, 2
in cells, with stable modes in unfilled and unstable modes filled in red, respectively.
by
aj
(
d2X
dr2
)
j
+ bj
(
dX
dr
)
j
+ cj = ω
2
jXj (57)
where ω2j is the squared frequency of the jth mode and
the coefficients of (57) are approximated by
aj ≈ −
[
eν−λc2s
] ∣∣
r=rj
bj ≈ eν−λ
[
Z + ν′/2− (c2s)′ − 4pirΓpeλ
] ∣∣
r=rj
cj ≈ eν−λ
[
Z ′ + 4pi(ρ+ p)Zreλ +
2meλ
r3
− (ν
2)′
2
] ∣∣∣∣∣
r=rj
.
(58)
The derivates of grid functions in (57) are approximated
by the following finite central differences:(
dX
dr
)
j
≈ Xj+1 −Xj−1
2∆r
,(
d2X
dr2
)
j
≈ Xj+1 − 2Xj +Xj−1
(∆r)2
(59)
with a truncation error O(∆r2) to be assessed in Sec.
VII A. By re-expressing the finite differences (59), eq.
(57) reduces to a set of algebraic equations
Σ+j Xj+1 + Σ
0
jXj + Σ
−
j Xj−1 = ω
2
jXj (60)
for j = 1, . . . , N which represent the three successive
non-zero entries of the jth row of a non-singular tridiag-
onal matrix [Σij ] ∈ RN×N , defined by
Σ =

Σ01 Σ
+
1
Σ−2 Σ
0
2 Σ
+
2
. . .
. . .
. . .
Σ−N−1 Σ
0
N−1 Σ
+
N−1
Σ−N Σ
0
N
 (61)
where the superdiagonal, diagonal and subdiagonal en-
tries are as follows:
Σ+j =
aj
(∆r)2
+
bj
2∆r
,
Σ0j = cj −
2aj
(∆r)2
,
Σ−j =
aj
(∆r)2
− bj
2∆r
.
(62)
Although bj prevents the matrix (61) from being sym-
meric, but due to its tridiagonal structure (inhereted
from the central differencing scheme which involved only
the closest pair of points), zero entries can be discarded
and a significant amount of computational cost is saved.
Consequently, a matrix equation of the form
(Σ− ω2I) ~X = 0 (63)
is constructed from the linear system of N equations (60)
for the central differencing scheme where I denotes the
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FIG. 9. Successive spherical shells of matter with thickness
∆r, on which the fundamental equation for radial pulsation
is evaluated, are labelled rj−1, rj , rj+1 are illustrated by con-
centric arcs. The pressure at the upper and lower boundary
of the jth shell, and the vector of gravitational acceleration
|~g| = −Gm/r2 acting at on a shell element (highlighted by
gray colour) are indicated by blue and red arrows, respec-
tively.
N -by-N identity matrix, and
~X=

X1 + Σ
+
0 X0
X2
...
XN−1
XN + Σ
−
NXN+1
 (64)
is the vector which consists of the unknown values
{X1, . . . , XN} of the eigenfunction of a specific oscil-
lation mode at corresponding grid points {r1, . . . , rN}.
The first and last entry of ~X involve the values X0 and
XN+1, respectively, as a result of the pair of boundary
conditions (55–56) which imply X0 = XN+1 = 0.
Cramer’s theorem states that the homogeneous linear
system of equations (63) has a non-trivial solution if and
only if the determinant of the corresponding characteris-
tic matrix is zero, expressly
det(Σ− ω2I) = 0. (65)
The characteristic polynomial of the tridiagonal matrix
Σ, denoted by pΣ(ω
2) and defined by
pΣ(ω
2) = det(Σ− ω2I), (66)
is a monic polynomial of degree N which is invariant
under similarity transformation and has the eigenvalues
as roots. In other words, eq. (65) is referred to as
the characteristic equation, considering that the roots of
pΣ(ω
2) = 0 are exactly the eigenvalues of Σ. By com-
puting pΣ(ω
2) for each specific EOS at various values
of central density, all eigenfrequencies and their corre-
sponding eigenmodes are simultaneously determined in a
single run. Kokkotas [25] pointed out that although this
method is more time consuming than searching for each
eigenvalue separately by shooting method, but one may
smoothly refine its accuracy by setting up grids with op-
timal size. In Sec. VII A we estimate that the relative
error in the eigenvalues, accumulated through the finite-
difference approximations (57), does not exceed 10−3 for
setting up regular grid of size N ' 3000.
A. Computational errors of the approximation
Two potential sources of computational errors occur
in computing our finite-difference approximation to the
solution of the SL-EPV. Errors due to inexactness in the
floating-point representation of numbers and the arith-
metic operations are called round-off errors and they are
determined by the machine precision (roughly 10−15).
On the other hand, local truncation errors (LTE) incur
due to the inaccuracy of the approximation which can be
controlled by the spacing of grid points ∆r as its refine-
ment changes.
B. Numerical results
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Appendix A: Components of the stress–energy
tensor
The non-vanishing components of the viscosity and
heat flux stress–energy tensors defined by (16) and quan-
tities involving them shall be explicitly evaluated below.
Here, we only repeat those quantities from our preceding
paper [34] that appear in the present paper. The non-
vanishing components of the unperturbed and perturbed
states are written in the notation we used in this paper
as
(Tvisc + Theat)
1
0 =
1
4
e−ν0/2 [8κT ′ + (12η − κT ) ν′0] ,
(δTvisc + δTheat)
1
0 = e
−ν0/2
[
3ην′0δν −
(
η − 1
4
κT
)
δν′
]
,
(A1)
respectively. The inhomogenity of the Sturm–Liouville
equation (51) that determine the damped solution are
expressed by
S1 = e
−ν0/2
r
(
ηδλ+Aδur −A (δTvisc + δTheat)
1
0
p¯0 + ¯0
)
−1
2
(Tvisc + Theat)
1
0(δλ+ δν),
S2 = e−(λ0+2ν0)/2 d
dr
[
eλ0+2ν0
r2
(
∂N¯0
∂p¯0
)−1
×
d
dr
(
r2e−(λ0+2ν0)/2N¯0
(δTvisc + δTheat)
1
0
p¯0 + ¯0
)]
.
(A2)
where δur is the radial velocity defined by eq. (31) and
A = η
[(
1 + 3eν0−λ0
)
ν′0 − 9λ′0 −
2
r
eλ0
]
+ κ [Tν′0 − 8T ′] .
(A3)
Appendix B: Dynamical stability of non-rotating
spherical stars
This section provides a Lagrangian description of ra-
dial oscillations of stars in the framework of classical hy-
drodynamics in order for one to find a linear approxi-
mation for the dynamical times cale of these oscillations.
Let us consider a mass element dm at a radius r inside
the star at a given moment t = t0 contained in a thin
spherical shell with a thickness dr (see Fig. 9). Con-
sidering that the spatial coordinate of the given mass
element does not vary in time, it is more convenient to
take a Lagrangian coordinate, which is connected to the
mass element
dm = ρdr, (B1)
instead of the radius r. [65] The spatial behaviour of the
radial function r(m, t) is then described by differential
equation
∂r
∂m
=
1
4pir2ρ
, (B2)
in accordance with the definition of gravitational mass
(24). The Navier–Stokes equation of hydrodynamics with
spherical symmetry provide the greatly simplified expres-
sion
∂2r
∂t2
= Fg − 1
ρ
∂p
∂r
(B3)
for the equation of motion of mass elements where
Fg = −Gm
r2
,
∂p
∂r
= 4pir2
∂p
∂m
, (B4)
are the gravitational force gravity and pressure gradient,
respectively. [66] In order to prevent the mass elements
of the shell from being accelerated by the gravitational
force towards the centre of the star (as indicated by the
minus sign), a net force of the same absolute value due to
pressure acts on the shell in an outward direction (see Fig.
9). In the state of hydrostatic equilibrium ∂2r/∂t2 = 0
and the sum of the forces arising from the gravity and
pressure has to be zero as well, which yields the ODE of
stellar structure
∂p
∂m
= − Gm
4pir4
ρ. (B5)
where the pressure, defined by
pj−1 − pj = ∂p
∂r
dr, (B6)
is consequently always greater at the lower boundary
than at the outer boundary of the shell, expressively,
pj > pj−1 (see Fig. 9). The pair of basic equations
(B2) and (B5) in the Lagrangian description corresponds
to the conservation of mass and of momentum, respec-
tively.
Let us now recall the small, adiabatic perturbations of
the equilibrium stellar configuration described in Sec. V.
We have seen that the change in the radius of every mass
shell is r = r0(1 + δ) where the small parameter δ  1
may vary only with time (see eq. (40)). Mass conser-
vation expressed by eq. (B2) entails that the change in
the rest-mass density is ρ = ρ0(1 + 3δ). Considering that
the perturbation is adiabatic with an adiabatic index Γ,
given by
p− p0
p0
= −Γρ− ρ0
ρ0
, (B7)
the change in the pressure is p = p0(1 − 3δ) where the
pressure and density perturbations are assumed to be
very small: |(p− p0)/p0|  1, |(ρ− ρ0)/ρ0|  1. [67]
The perturbed quantities no longer satisfy the equation
of hydrostatic equilibrium (B5), but rather the equation
of motion (B3). As the only time variable quantity is δ
we may write the equation of motion in the form
d2δr0
dt2
= −Gm
r20
(1− 2δ)− 4pir20
∂p0
∂m
(1− 2δ − 3Γδ) (B8)
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where any quantity with the subscript ‘0’ satisfies the
equation of hydrostatic equilibrium (B5). Therefore,
combining equations (B2) and (B8) we obtain
d2δ
dt2
= −Gm
r30
(4− 3Γ)δ. (B9)
Now we make another crude approximation, M/r30 ≈ ρ¯ =
const. where M is the total mass of the star, and we
obtain
d2δ
dt2
= Gρ¯(4− 3Γ)δ = ω2δ, ω2 ≡ Gρ¯(4− 3Γ). (B10)
This equation has a solution
δ = δ1e
ωt + δ2e
−ωt. (B11)
If ω2 < 0 then the motion is oscillatory, i.e. the star is
dynamically stable. If ω2 > 0 than there is a solution
that increases exponentially, i.e. the star is dynamically
unstable. Therefore, the star is dynamically unstable
if Γ < 4/3. We obtained this result in a crude way.
The proper analysis leads to the requirement that average
value of Γ within the star has to be less than 4/3 for the
star to be dynamically unstable. The linear instability of
a dynamical system, associated with oscillations, occures
on a dynamical time scale, which is defined as
τd ≈ ω−1 ≈
√
Gρ¯ (B12)
where ρˆ is the mean density of a star. [63] The critical
value for the adiabatic exponent, Γcr = 4/3, is a conse-
quence of the gravitational force varying as r−2. If the
gravitational acceleration was given as −GM/r2+α, then
the critical value would be Γcr = (4 + α)/3. One of the
effects of general relativity is to make gravity stronger
than Newtonian near a black hole, but the effect is there
even when the field is weak. For r  rs = 2GM/c2
we have roughly α ≈ rs/r. This means that dynamical
instability may occure when Γ is just very close to, but
somewhat larger than 4/3.
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